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a b s t r a c t
Khalifeh, Yousefi-Azari, Ashrafi and Wagner [M.K. Khalifeh, H.
Yousefi-Azari, A.R. Ashrafi, S.G. Wagner, Some new results on
distance-based graph invariants, European J. Combin. 30 (2009)
1149–1163] conjectured that for a connected graph G on n vertices
andm edges with Szeged index Sz, Sz = mn2/4 if and only if G is a
regular bipartite graph. In this note, we disprove this conjecture
and then prove a stronger result from which it follows that the
equality holds if and only if G is a transmission-regular bipartite
graph.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Let G = (V , E) be a simple and connected graph, with vertex set V and edge set E. Let n = |V | and
m = |E| denote the order and the size of G. For u, v ∈ V , d(u, v) denotes the distance (or length of a
shortest path) between u and v in G. The transmission T (u) of a vertex u ∈ V is defined as follows
T (u) =
∑
v∈V
d(u, v).
A graph G is said to be transmission-regular if all its vertices have the same transmission. As examples
of transmission-regular graphs, we can cite the complete graph Kn on n ≥ 2 vertices, the complete
bipartite graph Kp,p on n = 2p ≥ 2 vertices and the cycle Cn on n ≥ 3 vertices. It seems that
the problem of characterizing transmission-regular graphs is open. Note that a transmission-regular
graph does not need to be a (degree) regular graph (e.g. Fig. 2). However, if the diameter of a graph G
is D = 2, then G is transmission-regular if and only if G is regular. One can ask (as did an anonymous
referee of the present paper) if two transmission-regular (bipartite) graphs on the same number of
vertices and with the same number of edges, need to have the same transmission or not. The answer
is no. Indeed, in Fig. 1 we give two transmission-regular bipartite graphs on n = 16 vertices and
m = 32 edges with different transmissions: 32 for the graph on the left and 34 for that on the right.
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Fig. 1. Two transmission-regular bipartite graphs with different transmissions.
Let e = uv ∈ E and define the partition, with respect to e, {Nu(e),Nv(e),N0(e)} of the vertices of G
as follows:
Nu(e) = {w ∈ V : d(u, w) < d(v,w)},
Nv(e) = {w ∈ V : d(v,w) < d(u, w)},
N0(e) = {w ∈ V : d(u, w) = d(v,w)}.
Let nu(e), nv(e) and n0(e) denote the number of vertices in Nu(e), Nv(e) and N0(e) respectively. The
Szeged index [4,6] of G is defined by
Sz = Sz(G) =
∑
e=uv∈E
nu(e) · nv(e).
Note that the definition of the Szeged index does not take into account the vertices at equal distance
to u and v, i.e., the numbers n0(e), for e ∈ E are ignored. In order to include the contribution of these
numbers another invariant has been introduced. The Szeged star index (or revised Szeged index) [7,8]
of G is defined by
Sz∗ = Sz∗(G) =
∑
e=uv∈E
(
nu(e)+ n0(e)2
)
·
(
nv(e)+ n0(e)2
)
.
2. Main results
In [5], the following conjecture is made.
Conjecture 1. For a connected graph G on n vertices and m edges with Szeged index Sz, Sz = (m · n2)/4
if and only if G is bipartite and regular.
This conjecture is not true. Indeed, the graph in Fig. 2, obtained using the computer programAGX [1,3],
is a bipartite non-regular graph on n = 14 vertices and m = 24 edges with Sz = 24×1424 = 1176. In
fact, if we replace regular by transmission-regular, the above conjecture becomes true. To show this,
we first prove an upper bound on the revised Szeged index Sz∗ and characterize the corresponding
extremal graphs. The following lemma will be used in this characterization.
Lemma 2. Let G = (V , E) be a connected graph and u, v ∈ V such that e = uv ∈ E. Then nu(e) = nv(e)
if and only if T (u) = T (v).
Proof. Consider the following partition of V .
Nu(e) = {u1, u2, . . . up}, Nv(e) = {v1, v2, . . . vq} and N0(e) = {w1, w2, . . . wr}.
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Fig. 2. A counterexample to Conjecture 1.
Using this partition, the transmission of u is
T (u) =
∑
x∈V
d(u, x)
=
p∑
i=1
d(u, ui)+
q∑
i=1
d(u, vi)+
r∑
i=1
d(u, wi)
=
p∑
i=1
d(u, ui)+
q∑
i=1
(1+ d(v, vi))+
r∑
i=1
d(u, wi)
= q+
p∑
i=1
d(u, ui)+
q∑
i=1
d(v, vi)+
r∑
i=1
d(u, wi).
Similarly, the transmission of v is
T (v) = p+
p∑
i=1
d(u, ui)+
q∑
i=1
d(v, vi)+
r∑
i=1
d(u, wi).
Thus
T (u)− T (v) = q− p = nv(e)− nu(e)
and the result follows. 
Note that the following theorem is similar to Theorem 3.8. on the Szeged index in [5] after which
Conjecture 1 is expounded.
Theorem 3. Let G be a connected graph on n vertices and with m edges. Then
Sz∗ ≤ n2m/4 (1)
with equality if and only G is a transmission-regular graph.
Proof. To prove inequality (1), it suffices to prove that for any edge e = uv ∈ E
w(e) =
(
nu(e)+ n0(e)2
)(
nv(e)+ n0(e)2
)
≤ n
2
4
.
Using the fact that nu(e)+ nv(e)+ n0(e) = n, we have
w(e) =
(
nu(e)+ n− nu(e)− nv(e)2
)(
nv(e)+ n− nu(e)− nv(e)2
)
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Fig. 3. All connected regular but not transmission-regular graphs on 12 vertices.
=
(
n+ nu(e)− nv(e)
2
)(
n− nu(e)+ nv(e)
2
)
= n
2 − (nu(e)− nv(e))2
4
≤ n
2
4
with equality if and only if nu(e) = nv(e).
It is easy to see that equality holds in (1) if and only if nu(e) = nv(e) for all edges e = uv ∈ E. So,
using Lemma 2, the equality holds if and only if any two adjacent vertices have the same transmission.
Since the graph is connected, the characterization of the extremal graphs follows. 
The next theorem characterizes the graphs for which the Szeged and the revised Szeged indices
are equal.
Theorem 4 ([7]). For a connected graph G with Szeged index Sz and revised Szeged index Sz∗, we have
Sz ≤ Sz∗
with equality if and only if G is a bipartite graph.
From Theorems 3 and 4, it is easy to see that Conjecture 1 would be true if and only if the family of
regular bipartite graphs is exactly the family of transmission-regular bipartite graphs. However, there
exist transmission-regular bipartite graphs which are not regular, for instance the graph in Fig. 2.
Also, some regular bipartite graphs are not transmission-regular. Using the computer program geng
(available at http://cs.anu.edu.au/~bdm/nauty/), we generated all regular bipartite graphs with up to
12 vertices, only 3 of which are not transmission-regular. They are given in Fig. 3, where the number
beside each vertex stands for its transmission.
The counterexamples for Conjecture 1 are rare, however it is possible to construct an infinite
family of them. Recall that the cartesian product G1 ⊗ G2 = (V , E) of two graphs G1 = (V1, E1)
and G2 = (V2, E2) is the graph the vertex set of which is V = V1 × V2 and (u1u2)(v1v2) ∈ E if and
only if u1v1 ∈ E1 and u2 = v2 or u1 = v1 and u2v2 ∈ E2. It is well known (see for example [2]) that
G1⊗ G2 is transmission-regular (resp. regular) if and only if G1 and G2 are transmission-regular (resp.
regular). In addition, if G1 and G2 are bipartite, then G1⊗G2 is also bipartite. Let H denote the graph of
Fig. 2 and Hi, i = 1, 2, 3, those of Fig. 3. Consider any regular and transmission-regular bipartite graph
G. Then
(1) H ⊗ G is a bipartite and a transmission-regular but not a regular graph;
(2) H1 ⊗ G, H2 ⊗ G and H3 ⊗ G are bipartite and regular but not transmission-regular graphs.
To close, we give an amended version of Conjecture 1, the correctness of which follows from
Theorems 3 and 4.
Theorem 5. For a connected graph G on n vertices and m edges with Szeged index Sz, Sz = (m · n2)/4 if
and only if G is a transmission-regular bipartite graph.
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